During the motion of a binary pulsar around the Galactic center, the pulsar and its companion experience a wind of dark-matter particles that can affect the orbital motion through dynamical friction. We show that this effect produces a characteristic seasonal modulation of the orbit and causes a secular change of the orbital period whose magnitude can be well within the astonishing precision of various binary-pulsar observations. Our analysis is valid for binary systems with orbital period longer than a day. By comparing this effect with pulsar-timing measurements, it is possible to derive model-independent upper bounds on the dark-matter density at different distances D from the Galactic center. For example, the precision timing of J1713+0747 imposes ρDM 10 5 GeV/cm 3 at D ≈ 7 kpc. The detection of a binary pulsar at D 10 pc could provide stringent constraints on dark-matter halo profiles and on growth models of the central black hole. The Square Kilometer Array can improve current bounds by 2 orders of magnitude, potentially constraining the local density of dark matter to unprecedented levels. 
I. INTRODUCTION
Dark matter (DM) is five times as abundant as baryonic matter in the Universe but its properties remain mysterious. While there is strong evidence for DM particles to be nonrelativistic, their mass, spin, charges, and annihilation and interaction cross sections are unknown [1] . The plethora of DM candidates makes direct detection extremely challenging and model dependent. A further astrophysical problem related to DM is to measure its density profile in the Milky Way. Conventional cold DM cosmological models predict cuspy halos which might give rise to strong gamma-ray emission through DM annihilation. However, such DM cusps seem to be in conflict with observations (see e.g. Refs. [2, 3] ).
In this intricate scenario, the universality of the gravitational interactions might represent a stronghold for model-independent tests of DM. In this paper we point out that binary pulsars are the ideal laboratory for such gravitational tests. Pulsar-timing techniques allow us to measure some of the orbital parameters with exquisite precision, and are routinely used to measure the mass of neutron stars (e.g. Refs. [4, 5] ) and to perform some of the most stringent tests on Einstein's theory of general relativity, as in the case of the celebrated Hulse-Taylor binary pulsar [6] and of the more recent double-pulsar system [7] (see also Ref. [8] and Refs. [9] [10] [11] for some reviews).
During the motion of a binary pulsar around the Galactic center, the pulsar and its companion experience a wind of DM particles similar to the one that produces an annual modulation in the scattering rate in directdetection experiments due to Earth's motion around the * paolo.pani@roma1.infn.it Sun [12, 13] . We argue that the effects of DM dynamical friction (i.e., the drag force due to the gravitational interaction of the orbiting bodies with their wakes [14] [15] [16] ) on the binary motion can produce observable effects and can therefore be used to put stringent constraints on the DM density in our galaxy.
II. DM EFFECTS ON THE TWO-BODY PROBLEM
We consider a binary system with masses m 1 and m 2 whose center of mass moves through a DM distribution with a roughly constant local density, ρ DM . In the centerof-mass frame, and neglecting relativistic effects for simplicity, the equations of motion for the two-body system read
where the upper (lower) sign refers to i = 1 (i = 2), r i is the position vector of the mass m i , r := r 2 − r 1 is the relative position of the bodies, and F DF i is the gravitational drag on the i-th object. The effects of DM accretion are some orders of magnitude smaller than the effect discussed here and will be neglected.
Dynamical friction depends on the nature of the medium and on its gravitational interaction with the objects. In the case of DM, the medium can be modeled as a collisionless gas as long as the DM mean free path is much larger than the size R i of the objects. This assumption requires σ DM m DM 800 R R i 10 10 GeV/cm
where σ DM and m DM are the DM self-interaction cross section and the mass of the DM particles. DM selfinteractions are constrained by several observations,
1. An illustration of the binary system under consideration in the Galactic reference frame. The center of mass of the binary moves through a constant-density DM distribution (hatched area) with velocity vw, experiencing a wind of DM particles with velocity −vw.
a conservative bound being σ DM /m DM cm 2 /g (cf. Ref. [17] and references therein). Therefore, even with the extreme values adopted in Eq. (2), DM is perfectly collisionless.
For a single object in linear motion through a homogeneous collisionless medium, dynamical friction is governed by Chandrasekhar's formula [14] [15] [16] 
whereṽ i =ṙ i +v w is the velocity of the i-th body relative to the DM wind, x i :=ṽ i /( √ 2σ), σ is the dispersion of the DM Maxwellian velocity distribution, and λ ≈ 20
is the Coulomb logarithm [15, 16] . We have also introduced the rotational velocity of the binary around the galaxy, v w = v w (cos α sin β, sin α sin β, cos β), which (neglecting the rotational velocity of the DM halo) is opposite to the velocity of the wind of DM particles relative to the center of mass (cf. Fig. 1 for an illustration of the system under consideration). Over the time scale of observations (at most some decades) v w is approximately constant.
Although Eq. (3) was derived for linear motion, it yields remarkably precise results also for the case of a generic orbit [18] [19] [20] . When applied to a binary system, Chandrasekhar's formula neglects the interaction of one component with its companion's wake. This effect is negligible when the characteristic size L of the wake is smaller than the orbital radius r 0 and when the orbital velocity v is sufficiently small as to give time to the wake to disperse after an orbit. By estimating L from the size of the gravitational sphere of influence,
where P b is the orbital period of the binary. This condition also implies v σ, which guarantees that the particles in the wake of one object disperse before the arrival of the companion along the orbit. Thus, at least for binaries at large orbital distance, the superposition of Eq. (3) for i = 1, 2 is justified. For the most relativistic pulsar binaries known to date, P b ∼ 0.1 day so the mutual interaction of the wake should provide a small effect for σ 200 km/s. With these motivations, here we restrict to the condition (4) and adopt Eq. (3) to model the gravitational drag. A more general analysis valid for any orbital period is underway. Some limitations and the range of validity of Eq. (3) in binary systems are discussed in Appendix A.
A. Perturbed orbits
By introducing the center-of-mass position vector R := (m 1 r 1 + m 2 r 2 )/M (with M = m 1 + m 2 ), the system (1) (i = 1, 2) can be conveniently written as a set of two equations of motions for r and R. By rewriting Eq. (3) as
Mṽ i , where A := 4πρ DM λG 2 M and
it is straightforward to show that the equations of motion reduce tov
where we have defined v =ṙ, V =Ṙ,
, and µ = m 1 m 2 /M is the reduced mass. Note that, because of the external force F DF i , the center of mass is accelerated,R = 0. The dynamics can be greatly simplified by treating the contributions of dynamical friction perturbatively. This assumption is perfectly justified by the tiny magnitude of these corrections relative to the Keplerian terms. To compute the first-order (in the DM density) corrections, we adopt the formalism of the osculating orbits (cf. Ref. [22] for a modern treatment). For simplicity, we focus on the corrections to a circular binary; the elliptical case is a straightforward generalization.
To zeroth order, the motion is planar and it is convenient to adopt polar coordinates where r = r 0 (t)(1, ϕ 0 (t), 0) and Ω 0 =φ 0 is the orbital angular velocity. Obviously, R is constant and the motion is Keplerian,
To compute the first-order corrections, all quantities that are multiplied by ρ DM can be evaluated using the Keplerian solution. In particular, to zeroth order V = V 0 = 0 and the right-hand side of Eqs. (6) and (7) can be further simplified. To first order, Eq. (6) has the forṁ v = − GM r 3 r + f , with f = a 1 ηv + a 2 v w , and does not depend on the motion of the center of mass. Following Ref. [22] , the adiabatic-evolution equations for the orbital parameters in the quasicircular case arė
where a, e, ω, ι and Ω are the semiaxis major, the eccentricity, the longitude of pericenter, the inclination, and the longitude of the ascending node, respectively. The source terms in the equations above read
where we used the definitions of the orbital basis vectors to zeroth order, namely n = (cos Ω 0 t, sin Ω 0 t, 0), λ = (− sin Ω 0 t, cos Ω 0 t, 0), e z = (0, 0, 1). As expected by the fact that the Keplerian motion is periodic, the source terms display a peculiar modulation with period equal to the orbital period P b := 2π/Ω 0 . A relevant quantity is the time derivative of the orbital period which -in a quasiadiabatic approximation valid in the perturbative regime -can be obtained from Eq. (11) and from Kepler's third law,Ṗ b = 3P b 2r0ȧ . Using Eq. (11), we obtaiṅ
where Γ := v w /v. We focus on the secular changes of the orbital parameters, so henceforth we shall consider orbital-averaged quantities obtained from Eqs. (11)- (14), e.g. X := P
B. Other contributions toṖ b
In addition to the changes of the orbital period induced by the secular evolution of the semiaxis major [cf. Eq. (18)], the observed variation of P b in a binary system is affected by kinematic effects, namely by the centerof-mass acceleration along the line of sight and by the variation of the orbital inclination ι. Both effects produce a Doppler shift of pulse frequencies which affects the measurement of P b (cf., e.g., Ref. [23] ).
The induced change in the orbital period due to the center-of-mass acceleration readṡ
where e Z is the unit vector parallel to the line of sight as defined in Ref. [22] . In Appendix B we compute the contribution above, whose final expression readṡ
Finally, the contribution of the variation of the orbital inclination readsṖ ι b = 3 2 tan ιP bι which, by using Eqs. (13) and (17), reduces tȯ
Note thatṖ ι b (t) = 0 when ι = 0 (i.e. when the orbit is perpendicular to the line of sight) and when β = π/2 (i.e. when the DM wind blows parallel to the orbital plane, cf. Fig. 1 ).
The total induced change in the orbital period isṖ (18), (20) and (21). In our case the contribution ofṖ 
C. Analytical results
In generic situations the orbital average of Eqs. (18), (20) , and (21) should be performed numerically because the quantity b i (t) defined in Eq. (5) (and evaluated using the Keplerian solution) is a cumbersome function of the time. Before presenting the results of such numerical integration in Sec. II D, here we discuss some limits in which the secular changes can be computed analytically. For simplicity we focus on theṖ DF b term; the correctionṡ P cm b andṖ ι b can be computed using the same procedure.
Large-σ limit
In the limit σ v w , v, from Eq. (5) we obtain
where we have used the Keplerian solution to lowest order, and the upper (lower) sign refers to i = 1 (i = 2). Note that, to leading order, b 1 ∼ b 2 ∼ const. By inserting the above expression into Eq. (11), it is straightforward to obtain the analytical result
where the terms on the last line are the next-to-leadingorder corrections in the large-σ limit. The orbital change as a function of time has a characteristic modulation with period P b , an amplitude proportional to the DM wind velocity, and a phase given by the angle α. This modulation is expected, due to the periodic motion at Keplerian order. However, to leading order the oscillatory term averages to zero over an orbital period. In this limit the secular decay,
does not depend on the DM wind v w to leading order. Equation (22) extends the result by Gould [24] obtained in the large-σ regime within a rather different framework; in fact, the leading-order term of the expression above matches exactly that derived in Ref. [24] . This agreement gives further confirmation of the validity of Eq. (3), at least in the σ v limit. Note also that, to leading order, a 2 in Eq. (21) is a constant and therefore Ṗ ι b = 0. Likewise, when β = 0 the orbital average Ṗ ι b = 0 in general (and not only in the large-σ limit), because in such case a 2 does not depend on time.
Large-vw limit
Another relevant limit is v w σ, v, which yields
where again the upper (lower) sign refers to i = 1 (i = 2). From this expression it is straightforward to obtaiṅ
The O(1/v 2 w ) and O(1/v 4 w ) terms are zero when β = 0 and their orbital average vanishes for any β. Therefore, in this limit the secular change of the orbital period reads
The leading-order coefficient depends on the direction of the DM wind but not on the DM velocity dispersion.
Interestingly, Ṗ DF b becomes positive when 55
• β 125
• . In this case the orbit tends to outspiral (i.e., to get softer [25] ) due to the effect of DM dynamical friction. This configuration seems to violate Heggie's law [26] according to which hard binaries (i.e. those with binding energy E b m DM σ 2 ) get harder ( Ṗ DF b < 0) in a medium of fast low-mass objects. This result might have implications in studies of Galactic dynamics and we plan to investigate it more in detail in a separate publication. Our result is not in contrast with the findings of Ref. [24] , because the latter were obtained for v w = 0, whereas here we assume v w σ, v. Note that, in addition to the largev w limit, the condition (4) also needs to be satisfied.
Small-vw limit
In the limit v w ∼ 0, we obtaiṅ
where
does not depend on time, the orbital average coincides with the equation above, which also reduces to the leading-order term of Eq. (22) when σ v. Note that in this case Ṗ DF b < 0, in agreement with the results of Ref. [24] and with Heggie's law.
D. Numerical results
In various situations of phenomenological interest v ∼ v w ∼ σ ∼ O(100 km/s) and the analytical limits discussed above are not valid. In this case one needs to resort to a numerical integration, which is in any case straightforward given the simple form of Eqs. (11)- (14) . Henceforth the notation X for the orbital average of a quantity X(t) will be omitted.
In Fig. 2 we present some exact numerical results foṙ P DF b and compare them with Eqs. (24) and (25) . As expected, Eq. (24) is an excellent approximation to the exact result when v w σ, v. Furthermore, we find that the analytical result (25) is accurate in the entire range v w σ and not only when v w → 0, at least for long orbital periods. Note also thatṖ b can become positive above a critical value of v w when β is sufficiently large. This is in agreement with Eqs. (25) and (24) . While the former equation predictsṖ b < 0 when v w ∼ 0, the latter predictsṖ b > 0 when 55
• and at large values of v w . By continuity, there exists a value of v w at whicḣ P b changes sign.
The secular changeṖ DF b as a function of the orbital period P b is shown in Fig. 3 for various choices of the angle β, of the DM wind velocity v w , and of the DM velocity dispersion σ. As expected from Eq. (3), corrections are larger for longer orbital periods, although in some particular cases (when β ∼ π/2) the behavior of the functioṅ P b might be nonmonotonic 1 An extensive numerical search shows that the secu-1 As previously discussed,Ṗ b can change sign for large values of β.
In the logarithmic scale adopted for the vertical axis of Fig. 3 (and of subsequent figures), the zero crossing corresponds to "cusps" which occasionally appear in the functionṖ
is independent of α (in agreement with the analytical results previously presented) and that the corrections depend only mildly on the value of β. In Figs. 2 and 3 we consider a typical neutron star-white dwarf system with m 1 ≈ 1.3M and m 2 ≈ 0.3M . This is a conservative assumption, since the secular changes grow with the masses of the binary, as shown in Fig. 4 (to be compared with the corresponding Fig. 3) .
Finally, our perturbative solution is valid for t P b /Ṗ DF b , i.e. for t 10 12 P b or longer (cf. Figs. 3 and 4 ) and it is therefore perfectly reliable during the observation time (lasting at most some decades).
III. CONSTRAINTS ON THE DM DENSITY
The orbital period of various binary pulsars is found to be constant over several years within astonishing precision. Such systems are therefore ideal candidates to constrain the small effect of DM on the binary motion. For some systems, measurements of the small secular changes of the orbital period (Ṗ b ,P b , ...) are also available.
The apparent orbital changeṖ obs b
needs to be corrected to take into account the differential acceleration in the Galactic gravitational potential [27] and the transverse motion of the binary relative to Earth (Shklovskii's effect [28] ). After subtracting these kinematic contributions, the intrinsic orbital decay,Ṗ int b , can still be caused by gravitational-wave emission, mass loss, tidal torques and gravitational quadrupole coupling [29] [30] [31] (cf. Ref. [23] for an overview).
For some binary systems these corrections can be computed precisely. For relativistic binaries, the dominant contribution is typically due to the gravitational-wave emission,Ṗ GW b , and the "excess" orbital decay,Ṗ
, is found to be consistent with zero within errors. In other words, for some systems the emission of gravitational waves as predicted by the quadrupole formula of general relativity [32] completely accounts for the observed intrinsic secular change ofṖ b . This is the case of J1738+0333, whose measured excess orbital period, |Ṗ xs b | 2 × 10 −15 , provides one of the most stringent constraints on modified theories of gravity [8] .
Interestingly, the typical amplitude ofṖ larger by a factor 100 in the case of adiabatic growth of the central BH [35, 36] . Therefore, a binary pulsar with P b ∼ 100 day near the Galactic center will display a secular change of the orbital period well within the current accuracy of pulsar timing.
On the other hand, Eq. (26) can be inverted yielding an approximate upper bound on the DM density allowed by the timing measurement of a binary pulsar with orbital period P b and excess orbital changeṖ The bound above is purely indicative, since it is obtained using the analytical result (22) Due to a selection bias, most binary pulsars are detected near Earth. Indeed, we searched in the ATNF Pulsar Catalogue [37, 38] for those binaries whose (apparent) orbital changeṖ obs b has been measured and found 32 systems which are located at a distance D ∈ [1 − 12] kpc from the Galactic center. Therefore, even though for some of these binaries the intrinsic orbital change can be Fig. 5 shows that detecting a binary pulsar at D 10 pc would give strong constraints on theoretical DM halo profiles and on the evolution of the central BH, e.g. on the formation of DM spikes [35] .
Note that the most relativistic binary pulsars have P b = O(0.1) day, including J1738+0333 which is the system with the most precise measurement ofṖ xs b consistent to zero known to date [8] . As previously discussed, our analysis does not apply to these systems, because Eq. (4) is not satisfied. On the other hand, at least in the large-P b regime, the effect of DM dynamical friction grows linearly with P b so the most stringent upper bounds come from binary systems at large orbital distance.
A. Upper limit on DM density derived from the timing of J1713+0747
Binary pulsar J1713+0747 [39] is particularly well suited for our analysis, due to its long orbital period, P b ≈ 67.8 day, and to its small intrinsic orbital decay, |Ṗ int b | 2 × 10 −13 [40] . Since gravitational-wave dissipation is negligible for this system (Ṗ For this system, dynamical friction can be larger than gravitational-wave dissipation by several orders of magnitude and would be the dominant contribution to the intrinsic orbital-period decay. J1713+0747 is in a nearly circular orbit (e ≈ 8 × 10 −5 , so our assumption of circular motion at Keplerian order is accurate) and it is formed by a neutron star with m 1 ≈ 1.31M and by a white dwarf with m 2 ≈ 0.29M . Its measured inclination and longitude of the pericenter are ι ≈ 75.3
• and ω ≈ 176.2
• , respectively [40] , whereas the distance from the Galactic center is about D ≈ 7.2 kpc. We therefore assume σ ≈ 150 km/s and v w ∼ (240 ± 31) km/s. The latter range is estimated by adding the measured transverse velocity 2 of J1713+0747, v T ∼ 31.28 km/s [37, 38] , to the Galactic rotational velocity at the Sun location, v ≈ 240 km/s [41] .
By inserting these values into Eqs. (18), (20) and (21), we can evaluate the total secular change of the orbital period and estimate the maximum value of ρ DM such that
, which is the value ofṖ int b observed for J1713+0747 [40] . This condition implies the upper bound on ρ DM shown in Fig. 6 . From these results we obtain
where the boundaries of the range correspond to the maximum and minimum values of ρ Fig. 6 , the upper bound is only mildly dependent 3 on the angle α and displays only small variations 2 In principle, the values of vw, α, and β can be extracted from a measurement of the three-dimensional velocity of the binary. However, for most binary pulsars, an estimate of the radial velocity is not available. An exception is J1738+0333 whose threedimensional velocity has been recently estimated [8] . For our heuristic purposes, the estimate vw = v ± v T is sufficiently accurate. 3 We recall thatṖ 
IV. DISCUSSION
The very fact that pulsar-timing techniques have reached the precision to be sensitive to the effect of DM in binary pulsars is certainly intriguing. Our results show that these effects are observable for various binaries in DM-rich environments. DM dynamical friction introduces a peculiar annual modulation of the orbit, similar in spirit to the one expected for the scattering rate in DM direct-detection experiments on Earth [12, 13] .
Current observations can be used to derive mild constraints on the local DM density, but are limited by the fact that none of the observed binary pulsars are located very close to the Galactic center, where the DM density is expected to peak. The next Square Kilometer Array (SKA) telescope [42] can improve the precision of current measurements by 2 orders of magnitude, potentially probing DM densities lower than the DM density in the Solar System. SKA is also expected to increase the number of observed pulsars by a factor of 10, thus enhancing the chances of observing a binary pulsar in regions of high DM density. Our analysis suggests that precise models of the effects of DM on the orbital motion would be mandatory to reach high accuracy in timing models for such binaries.
In this paper we presented an exploratory study that is valid only for binaries with long orbital period. For more relativistic binaries with P b 0.6 day, the standard computation of the gravitational-drag term (3) should be extended to take into account the effect of the wake of one object on the companion.
The constraints derived here apply to any form of (collisionless) DM and are therefore model independent. In fact, similar effects are also expected for the gravitational drag of ordinary matter in the interstellar medium. In that case, cohesion forces and matter compressibility should be taken into account and the corrections would significantly depend on how the relative velocity compares to the speed of sound in the medium [43] [44] [45] .
A more rigorous analysis requires us to include the effects discussed in this work in a timing model, an important task that we leave for future work. This might also be important to investigate the annual modulation of the orbital elements together with their secular changes. This peculiar annual modulation and the possibility of measuringP b in some systems can be used to discriminate the effect of DM from other mechanisms [23, [29] [30] [31] that might cause comparable changes in the intrinsic orbital period. A more sophisticated analysis can improve the constraints derived in this paper and would be crucial to devise detection tools, rather than to simply put upper bounds on the DM density. We hope that the prospects raised by our analysis will encourage further research in this direction.
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We are indebted to Norbert Wex and Dick Manchester for very instructive correspondence, to Matteo Cadeddu, Vitor Cardoso and Leonardo Gualtieri for interesting discussions, and to two anonymous referees for several valuable comments. made of light particles with mass m DM m 1 . Due to the encounter with a particle of mass m DM moving with velocity u, the velocity of the star is incremented by ∆v and ∆v ⊥ , in the directions parallel and perpendicular to v, respectively. The total incremental velocity suffered by the star can be obtained by summing all contributions of the particles with mass m DM over an interval of time which is much longer than the typical interaction time but also much shorter than the time scale over which v changes. As expected by symmetry arguments, when summed over a large number of encounters ∆v ⊥ vanishes, while the incremental change in the direction of motion reads [15] 
where m DM f (u) is the density distribution and 
If the velocity dispersion σ is large, σ v, the above equation reduces to
Equation (A3) contains two contributions to the viscous drag on m 1 , namely a term arising from slow particles with velocity smaller than v and a term coming from fast particles with velocity larger than v. As noted in Ref. [24] , these two terms are roughly of the same order. For an isotropic, Maxwellian distribution
, these two contributions combine to give
where λ = log(qσ 2 ) is the Coulomb logarithm. Equation (A4) coincides with the σ v limit of Chandrasekhar's formula [14, 15] 
Although it is usually considered that dynamical friction on a single body is due to ambient particles moving slower than the perturber, in fact Eqs. (A2) and (A3) show that faster particles also contribute to the final result.
In a binary system, the situation is actually opposite to the case of dynamical friction on a single perturber [24] . In that case the contribution from faster particles is dominant because such encounters have an impact parameter smaller than the orbital distance and interact with each component of the binary system separately. On the other hand, slower particles interact with the binary as a whole through tidal forces, only perturbing its center of mass [24, 25] . Interestingly, for a Maxwellian distribution the two effects are equivalent but multiplied by two different Coulomb logarithms, one (arising from an integral over the impact parameter) is associated to slow encounters, whereas the other (arising from an integral over velocity space) is associated to fast encounters. In this case the final result is still described by Eq. (A5) with an effective Coulomb logarithm λ. This property is a great advantage for our analysis and is valid only for Maxwellian or nearly Maxwellian distributions, as those assumed in the main text. As noted in the main text our results, based on a superposition of Eq. (A5) for each single object of the binary system, are in exact agreement with those derived by Gould [24] in the large-σ limit and within a completely different framework. This agreement gives further support to the validity of our analysis.
Nonetheless, the final formula (A5) is obtained from Eq. (A1) after various approximations [15] whose validity is unclear (for example, while q 2 (v + u) 4 1 in typical situations, q 2 (v − u) 4 is a small quantity when u ∼ v). Thus, it is relevant to compare the exact numerical result against the approximate one typically used. We make this comparison in Fig. 7 . The analytical formula (A5) reproduces the exact result within a few percent or better for v < σ and deviates at most by ∼ 35% when v ∼ 10σ. In the main text we focus on the regime (4), where the analytical formula is in very good agreement with the exact results. Even for mildly relativistic pulsar binaries with v ∼ 2σ ∼ 300 km/s, Chandrasekhar's formula is accurate roughly within 6%. Our starting points are Eq. (7) and Eq. (19) . To first order, Eq. (7) can be written asV = a 2 ηv+a 3 v w . We decompose the DM wind vector as v w = v w cos α cos βe x + v w sin α sin βe y + v w cos βe z , where e x , e y and e z are the unit vectors in the orbital frame. The latter are related to the unit vectors e X , e Y , e Z in the fundamental frame by a sequence of rotations (cf. Ref. [22] for details). We further decompose v = v n n+v λ λ+v z e z . To zeroth order and in the circular case, v = vλ.
The final expression Eq. (20) can be obtained by making use of the relations λ · e Z = sin ι cos(Ω 0 t + ω) , (B1) e x · e Z = sin ι sin ω , (B2) e y · e Z = sin ι cos ω , (B3) e z · e Z = cos ι ,
which are derived in Sec. 3.5.2 of Ref. [22] .
